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ABSTRACT
We show that Schwarzschild black hole metrics are, asymptotically, Weyl equiv-
alent to AdS2 × SD−2 where the spherical factor is the horizon. The holographic
entanglement entropy of AdS2 exactly reproduces the Schwarzschild black hole en-
tropy which implies that black hole degrees of freedom live at asymptotic infinity.
In generalized theories of gravity, the same procedure reproduces Wald entropy.
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1. Introduction
The origin of black hole entropy, especially those of Schwarzschild black
holes[1,2], remains one of the biggest puzzles in gravity. There are numerous
methods for computing black hole entropy such as those which use Euclidean grav-
ity[3], the conical deficit angle[4], the Noether charge[5], the dimensionless Rindler
energy[4,6-9], horizon CFTs among others[10-12]. In all these methods, one as-
sumes that the black hole degrees of freedom are located at or near the horizon.
This certainly makes sense in the context of holography[13] which postulates that
a black hole is described by degrees of freedom on its boundary, i.e. the horizon.
In addition, all these methods exploit the fact that the near horizon geometry is
Rindler space.
On the other hand, there is an alternative notion of holography according to
which the fundamental degrees of freedom of a black hole live on a screen at infinity.
The celebrated AdS/CFT correspondence[14,15] which is the only fully–fledged
realization of holography is a concrete example. In the AdS/CFT correspondence,
the degrees of freedom of an AdS black hole are located not on its horizon but
on the AdS boundary (where the finite temperature boundary CFT at lives). At
first thought, it is difficult to see how this notion of holography can apply to
Schwarzschild black holes since their metrics are asymptotically flat. Thus, at
infinity, there is no boundary. Moreover, flat space does not carry any degrees of
freedom that can account for black hole entropy.
Quite separately, it is well–known that the near horizon geometries of all ex-
tremal black holes have either an AdS2 or AdS3 (which is an S
1 fibration of
AdS2)[16] component which is the origin of their entropies[17]. Again, it is dif-
ficult to see how this can be relevant for Schwarzschild black holes since their
near horizon geometry is Rindler space. A hopeful sign is the fact that Rindler
space and AdS2 are Weyl equivalent after a coordinate transformation. Since the
near horizon region of Rindler space and the boundary of AdS2, exactly the re-
gions where entropy originates, are described by CFTs one may hope to relate
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Schwarzschild black hole entropy to AdS2 by a Weyl transformation.
In this paper, we argue that even though Schwarzschild black hole metrics
are asymptotically flat, they can be Weyl transformed to space–times which are
asymptotically AdS2 × SD−2 where SD−2 is in the original horizon directions and
RAdS2 = RSD−2 = r0 with r0 the Schwarzschild radius. We show that the tem-
perature and entropy of both Schwarzschild black holes and the asymptotically
AdS2 × SD−2 space–times are given by the same functions of the black hole mass.
Thus, we assume that these two space–times have the same thermodynamics or
are at least in the same universality class. At low energies (compared to 1/RSD−2)
we can integrate out the spherical directions and find that the asymptotic physics
is described by AdS2. It is well–known that global AdS2 has two disconnected
boundaries and is described by a pure state of the boundary theory in which the
degrees of freedom on both boundaries are entangled[18]. Therefore, if we restrict
ourselves to only one boundary and trace over the other one, we obtain a mixed
state with a nonzero entanglement entropy. This has been computed by the holo-
graphic entanglement entropy method[19] which gives the entanglement entropy of
a region A on the boundary as
Sent(A) =
Area(ΣA)
4G
, (1)
where Area(ΣA) is the area of the codimension two minimal surface in the bulk
such that the boundaries of A and ΣA coincide. In our case, the boundary of AdS2
is one dimensional and therefore the minimal surface is a point in the bulk with
Area(ΣA) = 1. Therefore, using eq. (1) we get[18]
Sent(AdS2) =
1
4G2
=
AH
4GD
, (2)
where we used G2 = GD/AH and the fact that the horizon and S
D−2 have the
same area, AH . Thus, the entanglement entropy of AdS2 precisely reproduces the
entropy of the Schwarzschild black hole. This result can be obtained by a more
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precise calculation of the holographic entanglement entropy as we show in the next
section. This method can also be applied to black holes in generalized theories
of gravity and correctly reproduces the Wald entropy[18]. The two holographic
computations of Sent that we describe in the next section are technically very
similar to the calculations of black hole entropy using the conical deficit angle[4]
and Euclidean gravity[3] methods even though conceptually they are very different.
Our results indicate that the degrees of freedom of Schwarzschild black holes
reside at asymptotic infinity just like those of AdS black holes. In this case, the
screen at infinity seems to be an SD−2 at the boundary of AdS2 space–time. This
is only true for the Weyl transformed Schwarzschild metric but as we mentioned
above these two space–times have the same thermodynamics and therefore we
assume that the origin of their entropies is also the same. The AdS2 boundary
theory has been described by conformal quantum mechanics[20], chiral or light–
cone 2D CFTs[21] and strings that live on AdS2[22]. Nevertheless, we do not have a
clear understanding of the black hole degrees of freedom that live at the boundaries
of AdS2. It is important to note that our method requires only that the original
black hole metric be asymptotically flat. Thus, we can easily generalize our results
to all asymptotically flat nonextremal black objects.
The above method should not be conflated with the description of black hole
entropy due to the entanglement of modes just inside and outside of the horizon
which has a rich literature[23]. As mentioned above, in our case the degrees of
freedom are at asymptotic infinity. Moreover, the conventional entanglement en-
tropy is a UV cutoff dependent quantity that diverges in the continuum limit. Our
result is finite and gives the correct entropy. It seems that holographic entan-
glement entropy has a natural cutoff in AdS2 that leads to the correct entropy.
Conventional entanglement entropy is actually a (one–loop) correction to black
hole entropy[24] and reproduces the total black hole entropy only in the context of
induced gravity[25]. In our case, gravity is not induced.
This paper is organized as follows. In section 2, we show that the entropy
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of Schwarzschild black holes is given by that of an AdS2 space–time which is at
the asymptotic infinity of the Weyl transformed Schwarzschild metric. In section
3, we generalize our results to theories of gravity beyond General Relativity and
show that our method reproduces the Wald entropy for black holes. In section
4, we discuss the calculational similarities and conceptual differences between our
method and those of conical deficit angle and Euclidean gravity. Section 5 includes
a discussion of our results and our conclusions.
2. The Holographic Entanglement Entropy of Schwarzschild Black Holes
In this section, we show that the asymptotic infinity of a D–dimensional
Schwarzschild black hole metric is Weyl equivalent to AdS2 × SD−2. At low ener-
gies, i.e. for E << 1/RSD−2, we can integrate out the S
D−2 and the asymptotic
physics is described by the AdS2 factor. It is well–known that global AdS2 has two
disconnected boundaries and is described by a pure state in which the states of the
two boundary theories are entangled[18]. If we are constrained to only one bound-
ary, we have to trace over the states of the second one. This leads to a mixed state
with an entanglement entropy which has been computed in ref. [18]. We show that
the AdS2 entanglement entropy exactly reproduces the Schwarzschild black hole
entropy. This result implies that the (unknown) degrees of freedom of the black
hole reside at asymptotic infinity and not near the horizon.
Consider a D–dimensional Schwarzschild black hole with the metric
ds2 = −
(
1− r
D−3
0
rD−3
)
dt2 +
(
1− r
d−3
0
rD−3
)
−1
dr2 + r2dΩ2D−2 , (3)
where the radius of the black hole is given by rD−30 = 16πGDM/(D−2)AD−2. We
now Weyl transform this metric by
gµν → Ω2(r)gµν = r
2
0
r2
gµν , (4)
followed by the coordinate transformation r → r20/r[27]. The Weyl transformation
is chosen to keep the area of SD−2 fixed and equal to the horizon area. It turns
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the metric into a direct product of a 2D metric and SD−2 of fixed radius. The
coordinate transformation exchanges large (r > r0) and small (r < r0) r keeping
the horizon at r0 fixed. The region outside the black hole now corresponds to
r < r0 with asymptotic infinity at r = 0.
Under these two transformations the Schwarzschild metric becomes
ds2 = −
(
r2
r20
− r
D−1
rD−10
)
dt2 +
(
r2
r20
− r
D−1
rD−10
)
−1
dr2 + r20dΩ
2
D−2 . (5)
This is the metric of an AdS2 black hole times S
D−2 but with an unusual range for
r, 0 ≤ r ≤ r0[28]. It is well–known that General Relativity is not a Weyl invariant
theory[26]. Therefore, Weyl transformed solutions to the Einstein equation do
not remain solutions. (They are however solutions to the transformed Einstein
equation.) The metric in eq. (5) is a is a solution only for D = 4 when it describes
an AdS2 black hole times S
2. In this case, the metric factorizes into two 2D metrics
and in two dimensions the Einstein equation is trivially satisfied by all metrics. For
D > 4, the solutions describe an AdS2 black hole times S
D−2 where the SD−2 part
is no longer a solution (to the D − 2 dimensional Einstein equation). We will
nevertheless continue to use eq. (5) for all D since, as we show below, if we ignore
this subtlety we can obtain the entropy of Schwarzschild black holes for all D.
The metric in eq. (5) has two horizons: the black hole horizon at r = r0
and the AdS2 horizon at r = 0 (which corresponds to the asymptotic infinity,
r →∞ in the Schwarzschild metric). The near horizon region of the black hole is
described by Rindler space which can be described by a horizon CFT with central
charge c = 12ER where ER is the dimensionless Rindler energy[12]. The black hole
corresponds to a state with L0 = ER in the horizon CFT[12] and its entropy is
correctly given by the Cardy formula[29].
In this paper, we are interested in describing the black hole in the other, asymp-
totic limit. In the limit r → 0 the metric in eq. (5) becomes (for D ≥ 4)
ds2 = −r
2
r20
dt2 +
r20
r2
dr2 + r20dΩ
2
D−2 . (6)
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This is exactly the metric of AdS2 × SD−2 with the radii RAdS2 = RSD−2 = r0.
We now claim that the entropy of the Schwarzschild black hole is given by the en-
tanglement entropy of the AdS2× SD−2[18]. This is due to the fact that the Weyl
transformation in eq. (4) (plus the coordinate transformation r → r20/r) does not
change either the temperature or entropy of the Schwarzschild black hole. Thus
both space–times in eqs. (3) and (6) have the same thermodynamics. The horizon
area and entropy are not invariant under a generic Weyl transformation. How-
ever, under the Weyl transformation in eq. (4), the area of the SD−2 is precisely
that of the Schwarzschild black hole horizon since Ω2(r)r2 = r20 by construction.
Therefore, the entropies corresponding to the metrics in eqs, (3) and (6) are the
same. The Weyl transformation in eq. (4) is the simplest one that keeps the
horizon entropy invariant and leads to a metric that is a direct product and not a
fibration.
It is also easy to show that the temperature is invariant under any Weyl trans-
formation and in particular under that in eq. (4). This is can be seen from the
definition of Hawking temperature, TH = f
′(r0)/4π where f(r) is the coefficient
of the dt2 term in the Schwarzschild metric. Another way to see this is to notice
that the near horizon geometry and therefore the temperature is not modified by
a Weyl transformation. Consider the generic metric for a nonextremal black hole
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2D−2 . (7)
After a Weyl transformation ds2 → Ω2(r)ds2 and taking the near horizon limit
r = r0 + y where y << r0 we find f(r) = f
′(r0)y and Ω
2(r) = Ω2(r0) + Ω
2′(r0)y.
To lowest order in y the metric becomes
ds2 = yΩ2(r0)f
′(r0)dt
2 +
Ω2(r0)
f ′(r0)y
dy2 + Ω2(r0)r
2dΩ2 . (8)
In terms of the proper distance to the horizon defined by dρ =
√
Ω2(r0)/f ′(r0)ydy
6
we find that the near horizon metric is
ds2 = −ρ
2f ′(r0)
2
4
dt2 + dρ2 + Ω2(r0)r
2dΩ2 . (9)
We see that the Weyl transformation does not modify the t − ρ directions of the
metric and thus the Hawking temperature is invariant under conformal transfor-
mations.
We have established the Schwarzschild and the asymptotically AdS2 × SD−2
metrics in eqs. (3) and (6) have the same entropy. Therefore, we can try to explain
the Schwarzschild black hole entropy using the physics of AdS2 × SD−2. At low
energies (compared to 1/r0) we can integrate out the S
D−2 degrees of freedom and
are left with pure AdS2 with the reduced Newton constant G2 = GD/AH where
AH is the common area of the horizon and S
D−2.
The Weyl transformation in eq. (4) and the inversion of r have been considered
in ref. [27] before. However, in that work, the entropy of AdS2 was obtained in the
boundary CFT of a dilatonic AdS2 black hole rather than that in eq. (5) which is
in pure 2D gravity which is not dynamical. There is no justification for considering
an AdS2 black hole in dilatonic gravity when the dimensional reduction results in
pure 2D gravity. Moreover, it is strange that, in ref. [27], pure AdS2 is described
by an excited state of the boundary CFT (even though it seems to give the right
black hole entropy). In this paper, we remain in pure 2D gravity as required by
eq. (5) and the entropy of AdS2 vacuum arises from entanglement between its two
boundaries.
The t − r part of the metric in eq. (6) can be seen as both the metric of the
Poincare patch of AdS2 and that of global AdS2[15]
ds2 = −
(
1 +
r2
r20
)
dt2 +
(
1 +
r2
r20
)−1
dr2 , (10)
near its boundary, i.e. for r >> r0. We will assume the latter since the Poincare
patch has only one boundary and therefore no entanglement entropy. However,
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global AdS2, as mentioned above, has an entanglement entropy which may poten-
tially (and indeed does) match those of Schwarzschild black holes. We see that the
asymptotic infinity of Schwarzschild black holes is described by the boundary of
global AdS2 (times S
D−2). Global AdS2 is also described by the metric
ds2 = r20
−dt2 + dσ2
sin2σ
. (11)
This metric, unlike higher dimensional AdS space–times, has two disconnected (one
dimensional) boundaries at σ = 0, π. In the AdS2 vacuum, the degrees of freedom
on the two boundaries are entangled[18]. The total Hamiltonian of global AdS2
is given by the sum Htot = H1 +H2 where H1,2 are the (unknown) Hamiltonians
that describe the copies of conformal quantum mechanics living on each boundary.
The AdS2 vacuum is a pure but entangled state given by
|ΨAdS >=
∑
i,j
ci|i >1 ⊗|i >2 , (12)
where |i >1 (|i >2) is the eigenstates of H1 (H2). If we are restricted to only one
boundary, then we need to trace over the states of the second one. As a result, the
state in eq. (12) becomes a mixed state described by the density matrix
ρ1 = Tr2ρtot = Tr2
∑
i,j
|ci|2(|i >1 ⊗|i >2)(< i|2⊗ < i|1) . (13)
The entanglement entropy is then given by[30]
Sent = −Tr(ρ1logρ1) = − ∂
∂n
log(Trρn1 )|n=1 . (14)
Using the holographic entanglement entropy formula, Sent can be computed as in
eq. (2)[19]. However, we can also compute Trρn1 directly in the bulk by using
the replica trick[18], i.e. using the n–sheeted AdS2 space in the path integral
computation. AdS2 is basically a strip with two boundaries at σ = 0, π. The
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n–sheeted AdS2 is obtained by introducing a cut which when crossed over takes
us from one sheet of AdS2 to the next. For entanglement entropy, the region of
interest on the boundary is a point and the minimal surface in the bulk is a line
that ends in the bulk (since only one boundary is traced over). The easiest way
to see this is to start with the entanglement entropy of a region A i.e. an arc on
the boundary S1 of AdS3 and compactify it on the S
1. Then, A and Ac become
the boundaries of AdS2, the minimal curve becomes a point in the bulk and the
area inside it becomes a line that connects the bulk to the boundary. This line is
exactly the cut required for the n–sheeted AdS2 which introduces a conical deficit
angle of 2π(1−n). Then, by the AdS/CFT duality, the density matrix (to the nth
power) is given by
Trρn1 = e
−IEH(AdS2,n) , (15)
where the 2D gravity Einstein–Hilbert action IEH(g) is obtained by dimensionally
reducing the 4D gravity action over the SD−2 with constant radius and AdS2,n is
the n–sheeted Euclidean AdS2. From eq. (15) we find
log(Trρn1 ) = −IEH(AdS2,n) , (16)
where IEH computed over the n–sheeted (Euclidean) AdS2 is given by
IEH = − 1
16πG2
∫
AdS2,n
d2x(R + Λ) , (17)
with G2 = GD/AH . The curvature scalar, including the contribution arising from
the conical singularity due to the cut, is
RAdS2,n = RAdS2 + 4π(1− n)δ(x) . (18)
The properly normalized entanglement entropy is
Sent = − ∂
∂n
(−IEH + nI0) , (19)
where IEH is given by eq. (17) and I0 is the Einstein–Hilbert action over one copy
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of AdS2. Using eqs. (17)-(19) we obtain
Sent =
1
4G2
=
AH
4GD
= SBH , (20)
which is exactly the Schwarzschild black hole entropy.
The above computation of Sent of AdS2 × SD−2 is quite straightforward but
perhaps too slick since it depends only on the dimensionality of space. A more
precise and detailed derivation of eq. (20) can be given which is along the lines
of the proof of the holographic entanglement entropy formula[30,31]. We begin
by observing that the quotient space AˆdS2,n = AdS2,n/Zn which is isomorphic to
AdS2 and has codimension two orbifold singularities, En which are pointlike[30,31].
These singularities can be created by codimesion two cosmic zero branes which are
located at En and have tension Tn = (n − 1)/4G2n. The presence of the branes
modifies the geometry of AˆdS2,n. If we can compute this metric then we can obtain
the modular entropy given by[30]
Snmod = ∂nIEH(AˆdS2,n) , (21)
and use the relation Sent = S
n
mod(n = 1).
The metric near the zero branes is (in Euclidean polar coordinates)
ds2 = r2dt2 + n2dr2 . (22)
The curvature diverges at the brane unless the extrinsic curvature vanishes which
means En is an extremal surface as required by the holographic entanglement
entropy. Since the metric is singular at the location of the zero branes, we consider
an infinitesimal surface, En(ǫ), (which is a circle of radius ǫ) around them that acts
as a UV cutoff. Now, since the space–time has a boundary we have to add to the
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Einstein–Hilbert action the Gibbons–Hawking boundary term on En(ǫ)[3]
Ibndy =
1
8πG2
∫
En(ǫ)
dx K , (23)
where K is the trace of the extrinsic curvature with K = 1/nǫ on the cutoff circle.
Then we find
Ibndy(En(ǫ)) = Ibndy(AˆdS2,n) =
1
8πG2
2πǫ
nǫ
=
1
4G2n
. (24)
Using[30,31] and Igrav = IEH − Ibndy
Snmod = ∂nIgrav(AˆdS2,n) = −∂nIbndy(AˆdS2,n) =
1
4G2n2
, (25)
we find Sent = 1/4G2 = AH/4GD as required.
We showed that the asymptotic infinity of Schwarzschild black holes are Weyl
equivalent to AdS2 × SD−2 and these two space–times have the same thermody-
namics. Then, we found that the entanglement entropy of AdS2 exactly reproduces
the black hole entropy. We stress that, in this description, the black hole degrees
of freedom live at asymptotic infinity and not near or on the horizon in contrast
to every other description of Schwarzschild black hole entropy. Of course, it is
well–known that in the AdS/CFT correspondence, black hole entropy counts the
degrees of freedom on the boundary, i.e. at asymptotic infinity. It is gratifying
to see that a similar picture arises for Schwarzschild black holes in flat space–
time. Our result crucially depends on the fact that Schwarzschild black holes are
asymptotically Weyl equivalent to AdS2 × SD−2 and not higher dimensional AdS
space–times since these do not carry any entanglement entropy (due to the fact
that they have only one connected boundary).
It is important to note that Schwarzschild black holes are asymptotically flat
and only Weyl equivalent to AdS2 × SD−2. On the other hand, we saw that
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the Weyl transformation in eq. (4) does not change the thermodynamics, i.e.
the temperature and entropy as a function of the black hole mass. Thus, it is
reasonable to conclude that the Schwarzschild black hole entropy can be described
by that of AdS2 × SD−2. In fact, the entanglement entropy we computed above
holds for a whole class of space–times that are related by Weyl transformations.
Schwarzschild black holes and asymptotically AdS2×SD−2 are simply two examples
related by eq. (4) in this class. In general. the metrics in this class are related
by Weyl transformations that only asymptotically (i.e. for r → ∞ in the original
coordinates) reduce to eq. (4). This is the minimal requirement for leaving the
entropy invariant. In general, these Weyl transformations lead to complicated
metrics that describe fibrations; however, asymptotically they all reduce to AdS2×
SD−2 with the correct radii. Eq. (4) is the simplest Weyl transformation in this
class. This situation is perhaps similar to critical phenomena in which there are
universality classes of distinct microscopic theories that are described by the same
low energy physics. Critical phenomena can be completely described by only a few
macroscopic parameters, i.e. the critical exponents without any knowledge about
the microscopic physics.
The only property of the Schwarzschild black hole metric that is crucial for our
result is the fact that it is asymptotically flat, i.e. f(r) = 1+ g(r) where g(r)→ 0
as r →∞. This property guarantees that under the Weyl transformation in eq. (4)
and r → r20/r we obtain a metric that is asymptotically (as r → 0) AdS2 × SD−2.
As a result, we can apply the same method to count the entropy of all nonextremal,
asymptotically flat black objects. Clearly, the method does not apply to black holes
in anti de Sitter and de Sitter spaces since these are not asymptotically flat.
We obtained the entropy of Schwarzschild black holes with nonzero temperature
from that of AdS2 × SD−2 which has vanishing temperature. Surprisingly, the
origin of black hole entropy seems not to be thermal but rather the nonvanishing
entanglement in the AdS2 vacuum. This is a result of the asymptotic limit r → 0
we took above. Eq. (5), after dimensional reduction over SD−2, describes an AdS2
black hole at finite temperature. On the boundary, this corresponds to an excited
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(or thermal) state. The asymptotic limit r → 0, is the IR limit in the bulk in which
all the information about the AdS2 black hole is lost. As we saw above, this is the
r → ∞ limit of the global AdS2. On the boundary, this corresponds to the UV
limit in which all thermal effects are negligible and only the high energy modes of
the vacuum are relevant. These give rise to the entanglement entropy in eq. (20)
which is finite in AdS2. Thus, the fact that Schwarzschild black hole entropy arises
due to the entanglement in the vacuum is a direct result of the asymptotic limit
we took in order to describe the entropy by degrees of freedom at infinity.
Even though we found that the entropy of Schwarzschild black holes is the
entanglement entropy of AdS2, we do not have a clear idea about the degrees of
freedom that we count. The machinery of holographic entanglement entropy allows
us to compute the entropy of AdS2 without any knowledge about the degrees of
freedom that live on its boundary. Following the AdS/CFT correspondence, we
expect that the boundary of AdS2 is described by a one dimensional CFT with
only a time coordinate, i.e. conformal quantum mechanics[20] which is not well–
understood. However, by compactifying the much better understood AdS3 to
AdS2 (on its boundary S
1), this theory was shown to be equivalent to a chiral
or light–cone 2D CFT[21]. It seems that one can also count the AdS2 entropy in
certain situations in string theory[22]. Clearly, the nature of the one–dimensional
boundary theory dual to AdS2 and the degrees of freedom its entanglement entropy
counts are very important questions that require further investigation.
It is interesting to compare our results with the more conventional derivation of
Schwarzschild black hole entropy as entanglement entropy which has a rich litera-
ture[23]. First, the conventional entanglement entropy describes the entanglement
between degrees of freedom just inside and outside the horizon. In our case, the
entangled degrees of freedom reside on the two boundaries of an AdS2 that lives
at asymptotic infinity. Second, the conventional entanglement entropy is a UV
cutoff dependent quantity that diverges in the continuum limit. It is a one–loop
correction to the black hole entropy[24] and reproduces it completely only in the
context of induced gravity[25]. In our case, the holographic entanglement entropy
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of AdS2 naturally introduces a cutoff and gives a finite result that is the correct
entropy. Third, conventional entanglement entropy depends on the type and num-
ber of quantum fields that are assumed to live near the horizon which leads to the
species problem. In our case, we do not need to know the degrees of freedom on
the AdS2 boundary to compute the holographic entanglement entropy and there
is no species problem.
3. Holographic Entanglement Entropy in Generalized Theories of Gravity
We now show that the method used in the previous section also applies to
black holes in generalized theories of gravity with higher derivative terms in the
action. In these theories, the black hole entropy is given by the Wald entropy[5]
SWald = −2π
∫
H
√
h
∂L
∂Rabcd
ǫabǫcd , (26)
where the integral is over the black hole horizon H with the metric hµν and ǫµν =
ζµην − ζνηµ where ζµ is the Killing vector of the horizon and ην is its normal such
that ζµη
µ = 1.
In order show that we can obtain Wald entropy using our method we first
assume that at asymptotic infinity, these black holes, just like Schwarzschild black
holes, are Weyl equivalent to AdS2 × SD−2. On general grounds, for a black
hole in a generalized theory of gravity, f(r) = 1 + g(r−a) where g(r−a) vanishes
asymptotically for r → ∞. This is simply the requirement of asymptotic flatness
of the black hole metric in these theories. It is easy to see that after the Weyl
transformation in eq. (4) and r → r20/r, we find that asymptotically (i.e. in the
limit r → 0) f(r)→ r2/r20 leading to the AdS2 × SD−2 space–time.
As an example, we consider Gauss–Bonnet gravity with the Lagrangian[32]
L = − 1
16πG
[R + α(RabcdR
abcd − 4RabRab +R2)] , (27)
where α is the coefficient of the Gauss–Bonnet term. Gauss–Bonnet black hole
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solutions exist for D ≥ 5 with the metric[32]
ds2 = −f(r) dt2 + f(r)−1dr2 + r2hijdxidxj . (28)
The indices i, j run over the D− 2 transverse directions with a metric of constant
curvature hij equal to (D − 2)(D − 3). Black hole solutions are defined by
f(r) = 1 +
r2
2α
(
1−
√
1 +
64πGαM
(D − 2)Vkrn−1
)
, (29)
where Vk is the unit volume in k dimensions and with an abuse of notation α has
been rescaled by a factor of (D − 3)(D − 4).
The radius of the black hole horizon, r0, is determined by the largest value
that satisfies f(r0) = 0. The Wald entropy of Gauss–Bonnet black holes has been
calculated in ref. [32] to be
S =
rD−20 Vk
4G
(
1 +
2α(D − 2)
(D − 4)r20
)
. (30)
Now, looking at the form of f(r) in eq. (29) it is easy to see that after the
Weyl transformation in eq. (4) and the coordinate transformation r → r20/r, in the
limit r → 0 we again find f(r)→ r2 leading to an AdS2 × SD−2 space–time. This
means that, just like for Schwarzschild black holes, we can compute the entropy of
Gauss–Bonnet black holes from the entanglement entropy of AdS2 .
We now repeat the procedure of the previous section and calculate the entropy
using eqs. (17) and (19). On the n–sheeted AdS2, the Riemann tensor becomes[18]
Rabcd = R
0
abcd + 2π(1− n)(gacgbd − gadgbc)δH , (31)
where R0 is the Riemann tensor of ordinary AdS2 including the contribution from
the cosmological constant and δH is a delta function over the horizon. Using
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the relation gab = ζaηb + ζbηa one can show that ǫabǫcd = −(gacgbd − gadgbc).
If we expand the gravitational Lagrangian L(Rabcd) in powers of Rabcd around
R0abcd, the terms higher than the linear one do not contribute to the entanglement
entropy since ddn(1 − n)m vanishes in the limit n → 1 for m ≥ 2. As a result, the
gravitational action becomes
Igrav = 2π(1− n)
∫
H
√
h
∂L
∂Rabcd
ǫabǫcd , (32)
leading to the entanglement entropy
Sent = − ∂
∂n
(−Igrav) = SWald . (33)
Thus, in generalized theories of gravity, black holes with asymptotically flat
metrics are also asymptotically Weyl equivalent to AdS2 × Sd. The entanglement
entropy of the AdS2 factor exactly reproduces the Wald entropy of the black hole.
As metioned above, this is not true for black holes that are not asymptotically flat
such as those in de Sitter and anti de Sitter space–times.
In theories beyond General Relativity, black hole entropy is not proportional to
horizon area and the notion of one bit of information per Planck area clearly fails
in these cases. Therefore, the generalization of holography to higher derivative
theories does not seem to be straightforward. However, we see that black hole
entropy continues to be given by the holographic entanglement entropy of AdS2.
Perhaps this is the notion of holography that is common to all theories of gravity.
The more precise method of computing Sent by the modified AdS2 metric due
to cosmic zero branes can also be generalized to theories of gravity beyond General
Relativity[33]. One again uses cosmic D0 branes in the bulk of AdS2 but now
with generalized equations of gravity and obtains the Wald entropy. Since this is
quite technical and we have nothing new to add we refer the reader to the original
literature[30,33].
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4. The Holographic Entanglement Entropy and Other Methods
of Entropy Computation
It is interesting to note that the computations done in section 2, even though
conceptually very different, are technically quite similar to the calculations of black
hole entropy using the methods of conical deficit angle[4] and Euclidean gravity[3].
In Euclidean gravity, the near horizon region of a Schwarzschild black hole, which
is Rindler space, is described by the flat metric in polar coordinates with Euclidean
time parametrized by the angle. In this context, the angular period is the inverse
of the Hawking temperature, 1/TH with the period for flat space set to be 2π .
In order to do thermodynamics, we should be able to vary the temperature and
therefore the periodicity of Euclidean time from 2π [4]. Thus, we take the angular
periodicity to be 2πα where the deficit angle is 2π(1 − α). The Einstein–Hilbert
action in the near horizon region (reduced over the transverse sphere which is the
horizon) is given by
IEH = − 1
16πG2
∫
Rα
d2x(R + Λ) , (34)
Here Λ = 0 since Rindler space is flat and Rα is the Rindler (flat) space with a
conical deficit angle of 2π(1 − α). G2 = GD/AH is the two–dimensional Newton
constant obtained by the dimensional reduction over the horizon area AH . Now
using the change in the Riemann scalar due to the conical deficit
R→ R + 4π(1− α)δ2(x) , (35)
we find ∫
Rα
d2xR = α
∫
R
d2xR + 4π(1− α) , (36)
where R is the Rindler (flat) space without the conical deficit angle. The gravita-
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tional action becomes
IEH = − 1
4G2
(1− α) , (37)
Since in Euclidean gravity the action represents (the negative of) the free energy[3],
the entropy is given by
S = −(α∂α − 1)(−IEH) = 1
4G2
=
AH
4GD
, (38)
which is exactly the black hole entropy.
The similarities between the method of conical deficit angle and the one used
in section 2 are now clear. In fact, eqs. (18) and (30) are virtually identical due
to the fact that the Riemann scalar is modified the same way in the presence
of conical singularities. Therefore, the gravitational actions which are identified
with the free energies are the same in both cases leading to the same entropy.
However, the origins of the deficit angles are different in each case. When we
compute the entanglement entropy of a boundary of AdS2, we use the replica trick
under which we consider the n–sheeted AdS2. This introduces a cut with the
deficit angle 2π(1 − n). In the conical deficit angle method, the conical deficit
of 2π(1 − α) arises due to the variation of the temperature in the near horizon
geometry which is Rindler space. These expressions are formally identical leading
to identical entropies.
On the other hand, the two methods are conceptually very different. The
method in section 2 counts degrees of freedom at (Weyl transformed) asymptotic
infinity whereas the conical deficit method counts those near the horizon. We do
not know what these degrees of freedom are in either case. The entangled degrees
of freedom of AdS2 live on its boundaries and may be described by a conformal
quantum mechanics or a chiral 2D CFT. The ones counted by the conical deficit
method are even more obscure since this is a purely formal manipulation of the
Euclidean metric without any reference to degrees of freedom.
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The second and more precise calculation of Sent using the modified geometry
due to the cosmic zero branes is also technically very reminiscent of the calculation
of black hole entropy in Euclidean gravity. First, we note that, in both the calcu-
lation in section 2 and and in Euclidean gravity, black hole entropy arisies solely
from the boundary term in the gravitational action. In Euclidean gravity, black
hole entropy is given by[3]
SBH =
1
8πGD
∫
H
dDx
√
−h K = 1
8πGD
∂r
∫
H
dDx
√
−h , (39)
where the integral is over the horizon and h is the horizon metric. The second
equation above compared to eq. (25) shows the similarity between the two calcula-
tions. Of course, in Euclidean gravity the derivative is with respect to the normal
direction to the horizon (i.e. the radial direction) whereas in our calculation the
derivative is with respect to n which is the number of sheets of AdS2 (generalized
to be continuous). Near the horizon, the Rindler metric in dimensionless units, i.e.
with the surface gravity κ = 1, is given by
ds2 = r2dτ2 + dr2 + r2HdΩ
2 , (40)
which is again very similar to the metric near the zero branes in eq. (22). Using
eq. (39) and the fact that the integral along the Euclidean time and transverse
directions give 2π and AH respectively we find as expected the correct black hole
entropy. Thus the two computations use very similar boundary actions, defini-
tions of entropy and metrics and lead to the same entropy. However, they are
conceptually very different. Sent is the entanglement entropy which is computed
by a holographic method. SBH computed in Euclidean gravity has no relation to
holography (other than the result). The geometries used in the two methods are
also different. In Euclidean gravity, the geometry is Euclidean Rindler space with
the horizon at the origin. In the holographic entanglement method, the geometry
is the n–sheeted AdS2 where the origin is the location of the zero brane.
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5. Conclusions and Discussion
In this paper, we showed that under a Weyl and coordinate transformation, the
Schwarzschild metric becomes asymptotically AdS2×SD−2. We assumed that the
thermodynamics of Schwarzschild black holes and the asymptotically AdS2×SD−2
space–times are the same since they have the same temperature and entropy. Then,
we found that the entanglement entropy of AdS2 (×SD−2) precisely reproduces
the Schwarzschild black hole entropy. It is surprising that the origin of black hole
entropy seems not to be due to any thermal effects but due to the entanglement
in the (AdS2) vacuum. Generalization of our results to black holes in generalized
theories of gravity seems to indicate that the holographic principle is still valid but
only in the sense of the holography on the asymptotic AdS2 and not on the black
hole horizon.
We stress that the results of this paper crucially depend on the assumption
that we are allowed to Weyl transform the Schwarzschild metric so that the ther-
modynamics of Schwarzschild black holes can be described by the asymptotic
AdS2 × SD−2. This is supported by the fact that if we dimensionally reduce
4D General Relativity to two dimensions we get 2D dilatonic gravity which has
an AdS2 black hole solution which is given exactly by eq. (5) (plus a dilaton
profile)[28]. In this case, one Weyl transforms the 2D black hole metric by the
same factor in eq. (4). Thus, it seems reasonable to use the Weyl and coordinate
transformations above to investigate the Schwarzschild black hole. We note that
the results ref. [28] hold only for 4D Schwarzschild black holes and it would be
interesting to find out whether they can be generalized to higher dimensions.
Our method can be generalized to any asymptotically flat metric in a straight-
forward manner. It is easy to show that any such metric will become, in the
asymptotic limit, AdS2×SD−2 under the combined Weyl and coordinate transfor-
mations employed above. Therefore, the entropies of all nonextremal black objects
with asymptotically flat metrics can be obtained from the entanglement entropy of
AdS2[34]. Notably, this is not the case for black holes in de Sitter and anti de Sitter
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space–times since these are not asymptotically flat. AdS black holes are of course
asymptotically AdS but (except for AdS2 black holes) these are higher dimen-
sional AdS space–times with one connected boundary and vanishing entanglement
entropy.
It is well–known that the near horizon geometries of extremal black holes con-
tain AdS2 components which seem to be the origin of their entropies[16,17]. In
this paper, we showed that the entropies of Schwarzschild black holes are also given
by the the entanglement entropy of AdS2. Since, as noted above, our results can
be generalized to all nonextremal black holes, it seems that the entanglement en-
tropy of AdS2 constitutes the universal origin the entropy of all black holes (with
asymptotically flat metrics).
In our description Schwarzschild black hole entropy arises from the entangle-
ment of the two boundaries of AdS2. In fact, the full space–time is AdS2 × SD−2
if we include the SD−2 that we integrated out at low energies. This makes it clear
that the entanglement is actually between the two SD−2s at either boundary of
AdS2. Each Planck area of a sphere at one boundary is maximally entangled with
a corresponding Planck area of the sphere at the other boundary. This picture is
very similar to the one we have for the conventional entanglement entropy for black
holes but in our case the spheres are not just inside and outside the horizon but at
asymptotic infinity. The holographic result of one bit per Planck area is simply due
to the form of the entanglement entropy of AdS2, i.e. Sent = 1/4G2. As a result,
we should perhaps think of the geometry as an AdS2 stretched between two S
D−2s.
In the spirit of the ER=EPR idea[35], the AdS2 is the geometric representation of
the entanglement between the two spheres.
It is strange to find that the entropy of Schwarzschild black holes are due to
degrees of freedom that live at infinity. One way to understand this is to think
of a spherical shell that starts to collapse from infinity to form the black hole. If
we assume that, at the beginning of the collapse the shell is in a pure state but
entangled with degrees of freedom at infinity, after the black hole is formed we are
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left with a mixed state since the degrees of freedom of the shell are behind the
horizon and have to be traced over. As a result, the entropy of the black hole is
completely due to the entanglement of the shell which is behind the horizon and
the degrees of freedom at infinity. In such a scenario, it would not be surprising
to find that the entanglement entropy at infinity gives exactly the correct entropy
for Schwarzschild black holes.
It has been shown that the near horizon region with the geometry of Rindler
space (×SD−2) can be described by a CFT that reproduces Schwarzschild black
hole entropy[12]. The results of this paper provide an alternative description of
black hole entropy in terms of degrees of freedom that live at infinity. These two
descriptions differ by the replacement of Rindler space by AdS2. Interestingly, both
of these spaces are described by two dimensional CFTs but with different central
charges. Moreover, Rindler space is related to a specific AdS2 black hole (Rindler
AdS2 space) by a coordinate and Weyl transformation[12] which is similar to the
relation between Schwarzschild black hole metrics and asymptotically AdS2×SD−2
examined in this paper. Thus, we find that the near horizon physics is described by
an AdS2 black hole whereas that at asymptotic infinity is described by global AdS2.
This leads to the intriguing possibility that the near horizon and the asymptotic
descriptions are the IR and UV limits of the same CFT that are related by a
renormalization flow. Another way to reach the same conclusion is to note that
the near horizon region of 4D Schwarzschild black holes can be transformed into
AdS2 × S2 by a Kinnersley transformation[36]. Here the AdS2 part is actually
Rindler AdS2 space whereas the spherical factor is the horizon just as in our case.
Thus, Kinnersley transformations lead us to exactly the same situation described
above.
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